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Abstract
We study canonical quantization of a closed Euclidean universe with a cos-
mological constant and a massless scalar field. The closed Euclidean universe
with an ordinary matter state can be matched at a finite radius only with
the closed Lorentzian universe with the Wick-rotated exotic state. The exotic
state provides the Lorentzian universe with a potential barrier extending from
the cosmological singularity to the classical turning point and corresponding
to the Euclidean geometry through the Wick-rotation, and avoid the singular-
ity problem at the matching boundary. We find analytically the approximate
wave functions for quantum creation of the Universe from the nothingness.
We prescribe the Hartle-Hawking’s no-boundary wave function, Linde’s wave
function and Vilenkin’s tunneling wave function. In particular, we find the
wave function for the Euclidean geometry, whose semiclassical solution is reg-
ular at the matching boundary with the Lorentzian geometry but singular at
the cosmological singularity.
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I. INTRODUCTION
Recently Hawking and Turok have proposed an open universe model using a singular
gravitational instanton for a closed Euclidean Friedmann-Robertson-Walker (FRW) geom-
etry coupled to a minimal scalar field [1]. Further, they have used this instanton to claim
that the no-boundary proposal seems to be the most favorable initial (boundary) condition
for the wave function of the Universe. This open universe model provoked again an argu-
ment [2] and a counter-argument [3] among leading proposals for the initial condition of the
wave function of the Universe. Currently it is widely accepted that the very early Universe
emerged quantum mechanically from a Euclidean regime into the Lorentzian regime of the
present Universe. Leading proposals for such wave functions are the Hartle-Hawking’s no-
boundary wave function [4], Linde’s wave function [5] and Vilenkin’s tunneling wave function
[6]. (For the differences among wave functions, see Ref. [7].)
Every Lorentzian FRW universe, regardless of its topology, with an ordinary (positive
energy density) matter state has a classical allowed motion extending from the cosmological
singularity to the infinity. Hence, a Lorentzian FRW universe can be glued with a Euclidean
geometry only at the cosmological singularity of zero radius. In that spirit the Vilenkin’s
instanton solution for a closed Euclidean FRW universe with an ordinary state of a massless
scalar field matches an open Lorentzian FRW universe at the cosmological singularity [8].
However, in spite of some similar property to the Hawking-Turok’s instanton, the Vilenkin’s
instanton has a singularity at the matching boundary. Even at the quantum cosmological
context, the wave function of the Lorentzian FRW universe shows an oscillatory behavior
near the cosmological singularity for every (closed or open or spatially flat) topology provided
that the massless scalar field has an ordinary quantum state having a positive definite energy
density [9]. Thus, with an ordinary state of the scalar field a Lorentzian FRW universe
matches necessarily a Euclidean one at the cosmological singularity.
In Refs. [1–3,8] an open Lorentzian universe is matched with a closed Euclidean one.
In this paper we canonically quantize a closed FRW universe of Lorentzian and Euclidean
geometries with a massless scalar field and a cosmological constant, find the wave functions
that match the Euclidean and Lorentzian geometries at a finite radius, and study the match-
ing condition for two geometries. We further propose that an ordinary matter state in the
Euclidean geometry and the Wick-rotated exotic matter state in the Lorentzian geometry
lead to the genuine quantum creation of the Universe and avoid any possible singularity
problem at the matching boundary. Indeed, it is only with the exotic quantum state of
the scalar field that the closed Lorentzian universe is matched at a finite radius with the
closed Euclidean universe. Therefore, quantum creation of the Universe seems to require a
mechanism to generate a classically forbidden regime including the cosmological singularity
in the Lorentzian geometry.
One may naively adopt the quantum mechanical interpretation that the classically for-
bidden regime under a potential barrier can be interpreted as a tunneling regime with an
imaginary time. In the cosmological context this implies that a classically forbidden regime
of the Lorentzian geometry should correspond to a classically allowed regime of the Eu-
clidean geometry. Recently, by using the Wick-rotation between the classically forbidden
regime of the Lorentzian geometry and the classically allowed regime of the Euclidean ge-
ometry, we have found a rule to transform wave functions which are well-defined in the
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Euclidean geometry into those in the Lorentzian geometry [10]. To treat properly quantum
creation of the Universe one needs to quantize not only the Lorentzian geometry but also
the Euclidean geometry and to match wave functions of both geometries.
The organization of this paper is as follows. In Sec. II we study the quantum FRW
cosmological model with a cosmological constant and a massless scalar field. It is found that
the Wheeler-DeWitt (WDW) equation has the correct wave function for quantum creation of
the Universe only when the scalar field has an exotic quantum state. In Sec. III by using the
approximate wave function found in Sec. II we prescribe the Hartle-Hawking’s no-boundary
wave function, Linde’s wave function and Vilenkin’s tunneling wave function. In Sec. IV we
study the same model in the Euclidean geometry and find the wave function of the Euclidean
geometry corresponding to the classically forbidden regime of the Lorentzian geometry. In
Sec. V we derive the semiclassical Einstein equation and find the asymptotic solution near
the matching boundary and the cosmological singularity. The semiclassical solution from
the wave function of the Euclidean geometry is regular at the matching boundary with the
Lorentzian geometry but still singular at the cosmological singularity.
II. A MODEL FOR QUANTUM CREATION OF UNIVERSE
We consider the quantum cosmological model for the FRW universe with a cosmological
constant and a massless scalar field, which is described by the action
I =
m2P
16π
∫
d4x
√−g
[
R− 2Λ
]
+
m2P
8π
∫
d3x
√
hK − 1
2
∫
d4x
√−ggµν∂µφ∂νφ, (1)
where mP =
1√
G
is the Planck mass, and Λ and φ denote the cosmological constant and
the scalar field, respectively. The surface term for the gravity is introduced to yield the
correct equation of motion for the closed universe. In the Arnowitt-Deser-Misner (ADM)
formulation for the Lorentzian geometry with the metric
ds2L = −N2(t)dt2 + a2(t)dΩ23, (2)
one obtains from the action (1) the Hamiltonian constraint
HL = − 1
3πm2Pa
(πa)
2 − 3πm
2
P
4
(
a− Λ
3
a3
)
+
1
4π2a3
(πLφ )
2 = 0, (3)
where πa = −3πm
2
P
a
2N
∂a
∂t
and πLφ =
2π2a3
N
∂φ
∂t
are canonical momenta. According to the Dirac
quantization method, the Hamiltonian constraint (3) leads to the Wheeler-DeWitt (WDW)
equation in the Lorentzian geometry[
− h¯
2
2m2P
∂2
∂a2
+
9π2m2P
8
(
a2 − Λ
3
a4
)
+
3h¯2
8πa2
∂2
∂φ2
]
ΨL(a, φ) = 0. (4)
When Eq. (4) is regarded as a two-dimensional zero-energy Schro¨dinger equation, the stan-
dard interpretation and techniques of quantum mechanics can be employed.
We consider two kinds of quantum states for the scalar field: one is an ordinary matter
state and the other is an exotic matter state. First, let us consider the ordinary quantum
state given by
3
Φ
(±)
L,or. =
e±ih¯pφ
(2π)1/2
, (5)
which has a positive energy density with respect to the scalar field Hamiltonian
HˆLΦ
(±)
L,or. =
[
− 3h¯
2
8πa2
∂2
∂φ2
]
Φ
(±)
L,or. = +
3h¯2p2
8πa2
Φ
(±)
L,or.. (6)
Since the Hamiltonian of the massless scalar field is positive definite in Lorentzian space-
times, the quantum state (5) represents an ordinary matter. By inserting Eq. (5) into Eq.
(4), one separates the gravitational field equation
[
− h¯
2
2m2P
∂2
∂a2
+ VL,or.(a)
]
ψL,or.(a) = 0, (7)
where
VL,or.(a) =
9π2m2P
8
(
a2 − Λ
3
a4
)
− 3h¯
2p2
8πa2
(8)
is an effective potential for the gravitational field. Equation (7), the zero-energy Schro¨dinger
equation, has two classically allowed regimes dominated by either the scalar field for small a
or the cosmological constant for large a, which are separated by a potential barrier dominated
by the scalar curvature. Then with the ordinary quantum state the Universe should tunnel
quantum mechanically from the Planckian FRW regime, which is also classically accessible,
to a Lorentzian de Sitter spacetime. In this strict sense, the WDW equation (4) with
the ordinary quantum state can not describe genuinely quantum creation of the Universe
from the nothingness because there exits a Planckian Lorentzian universe that includes the
cosmological singularity.
Next, let us consider an exotic quantum state given by
Φ
(∓)
L,ex. =
e∓h¯κφ
(2π)1/2
, (9)
which has a negative energy density with respect to the Hamiltonian
HˆLΦ
(∓)
L,ex. =
[
− 3h¯
2
8πa2
∂2
∂φ2
]
Φ
(∓)
L,ex. = −
3h¯2κ2
8πa2
Φ
(∓)
L,ex.. (10)
The quantum state (9) represents an exotic matter in the sense that it has an imaginary
momentum eigenvalue. However, Eq. (9) diverges in one side as φ → ±∞. To have a
well-behaved wave function at a = 0, as required by the Hartle-Hawking’s no-boundary
wave function, one needs to match smoothly both branches of Eq. (9). This can be done by
defining a new quantum state, which is symmetric with respect to φ = 0:
ΦǫL,ex. = limǫ→0+
1
(2π)1/2
exp
[
−h¯κ tanh(φ
ǫ
)φ
]
. (11)
Then Eq. (11) is bounded by e−h¯κ|φ| as φ → ±∞ and has the same first and second
derivatives as Eq. (9) when the limit is taken under the condition |φ| > ǫ as φ → 0. Now
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the exotic matter contributes a back-reaction with the opposite sign to the effective potential
of the gravitational field equation
[
− h¯
2
2m2P
∂2
∂a2
+ VL,ex.(a)
]
ψL,ex.(a) = 0, (12)
where
VL,ex.(a) =
9π2m2P
8
(
a2 − Λ
3
a4
)
+
3h¯2κ2
8πa2
. (13)
The effective potential has a classical turning point approximately given by at ≈
√
3
Λ
. The
classically forbidden regime is dominated by both the scalar curvature and the scalar field,
and the classically allowed regime is dominated by the cosmological constant. Note that
even the Planck scale regime belongs to the classically forbidden regime. Therefore, the
WDW equation (4) can describe quantum creation of the Universe from the nothingness
only when the scalar field has the exotic quantum state (9) or (11).
From now on throughout this paper, we confine our study to the exotic state (9) or (11)
and find approximately wave functions in the classically allowed (a > at) and classically
forbidden (a < at) regimes. The asymptotic solution valid throughout the whole regime can
be found by using the Liouville-Green transformation [11]. First, in the classically allowed
regime, Eq. (12) can be rewritten as
[ ∂2
∂η2
+ η +∆(η)
]
ΨL,ex.(η) = 0, (14)
where
η3/2 =
3
2
∫ a
at
da
√
−2m
2
P
h¯2
VL,ex.(a)
∆(η) = −3
4
(
d2η
da2
)2
(
dη
da
)4 + 12
(
d3η
da3
)
(
dη
da
)3 . (15)
In this regime the scalar field contributes insignificantly, so we solve approximately Eq. (15)
to obtain
η =
(9πm2P
4h¯Λ
)2/3(Λ
3
a2 − 1
)
,
∆(η) = − 1
16
1[
η +
(
9πm2
P
4h¯Λ
)2/3]2 . (16)
For |η| >> 1, ∆(η) = − 1
16η2
, and for |η| << 1, ∆(η) ≃ ∆0, where ∆0 = − 116
(
4h¯Λ
9πm2
P
)4/3
. It
is worthy to mention that ∆(η) approaches to a constant value even at the turning point.
Then the wave function has two branches
ΨL,ex.(a, φ) = CLΦL,ex.(φ)
{
Ai(−η − δ(η))
Bi(−η − δ(η))
}
. (17)
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Here ΦL,ex.(φ) denotes either Eq. (9) or (11), depending on the behavior required at φ →
±∞, and Ai(−η) and Bi(−η) are the Airy functions [12], and δ(η) ≃ ∆0 for |η| << 1 and
δ(η) ≃ − 1
80η2
for |η| >> 1. These wave functions are real and show an oscillatory behavior.
The analytic wave function is also found approximately in the classically forbidden
regime. In this regime we change the variable as
ζ3/2 =
3
2
∫ at
a
da
√
2m2P
h¯2
VL,ex.(a),
∆(ζ) = −3
4
(
d2ζ
da2
)2
(
dζ
da
)4 + 12
(
d3ζ
da3
)
(
dζ
da
)3 , (18)
and rewrite Eq. (12) as
[ ∂2
∂ζ2
− ζ +∆(ζ)
]
ΨL,ex.(ζ) = 0. (19)
We solve Eq. (18) approximately to get
ζ =
(9πm2P
4h¯Λ
)2/3(
1− Λ
3
a2
)
,
∆(ζ) = − 1
16
1[
ζ +
(
9πm2
P
4h¯Λ
)2/3]2 , (20)
and find the wave function
ΨL,ex.(a, φ) = CLΦL,ex.(φ)
{
Ai(ζ − δ(ζ))
Bi(ζ − δ(ζ))
}
. (21)
A few comments are in order. Equation (19) is the analytic continuation of Eq. (14)
through ζ = −η. Moreover, the fact that δ(η) or δ(ζ) shifts only by a phase even at the
turning point η = 0 or ζ = 0 justifies the validity of the Liouville-Green transformation
as a good approximation even near the classical turning point. For large argument ζ , the
Airy function Ai(ζ) is exponentially decreasing, but Bi(ζ) is exponentially increasing. We
also point out the fact that the classically forbidden regime corresponds to a classically
allowed regime of the Euclidean geometry. In the Euclidean geometry one has πEa = iπ
L
a
and πEφ = iπ
L
φ , so the scalar field with the exotic quantum state, Eqs. (9) or (11), has a
real momentum in the Euclidean geometry and becomes an ordinary matter [10]. Hence
gluing the Euclidean FRW universe with the Lorentzian one can be explained naturally as
quantum creation.
III. PRESCRIPTION FOR THE WAVE FUNCTIONS
Using the approximate wave function in Sec. II, we may prescribe leading proposals, the
Hartle-Hawking’s no-boundary wave function, Linde’s wave function and Vilenkin’s tunnel-
ing wave function. We first consider the Hartle-Hawking’s no-boundary wave function. In
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the classically forbidden regime a < at ≈
√
3
Λ
, the no-boundary wave function, which is
bounded for all φ at a = 0, is given by the wave function
ΨHH(a, φ) = CLΦ
ǫ
L,ex.(φ)Ai(ζ − δ(ζ)). (22)
From the asymptotic expansion of Ai(ζ) for large ζ [12], we obtain approximately the wave
function
ΨHH(a, φ) = CLΦ
ǫ
L,ex.(φ)
( 1
1− Λ
3
a2
)1/4
e−Sg(a), (23)
where
Sg(a) =
∫ at
a
da
√
2m2P
h¯2
VL,ex.(a). (24)
Sg is the gravitational instanton under the potential barrier. Near the cosmological singu-
larity, ζ and Sg become sufficiently large, so the no-boundary wave function is regular at the
cosmological singularity. In the classically allowed region, the no-boundary wave function
can be obtained by analytically continuing ζ of Eq. (18) beyond the classical turning point,
which is nothing but ζ = −η. The corresponding wave function is one branch of solutions
of Eq. (17)
ΨHH(a, φ) = CLΦ
ǫ
L,ex.(φ)Ai(−η − δ(η)), (25)
and has the asymptotic form
ΨHH(a, φ) = CLΦ
ǫ
L,ex.(φ)
( 1
1− Λ
3
a2
)1/4
sin
(∫ a
at
da
√
−2m
2
P
h¯2
VL,ex.(a) +
π
4
)
. (26)
Second, the Linde’s wave function in the classically forbidden regime is prescribed by
ΨLin(a, φ) = CLΦL,ex.(φ)Bi(ζ − δ(ζ)). (27)
From the asymptotic form
ΨLin(a, φ) = CLΦL,ex.(φ)
( 1
1− Λ
3
a2
)1/4
e+Sg(a), (28)
one sees that the Linde’s wave function is exponentially large at the cosmological singularity.
In the classically allowed region the Linde’s wave function is given by the other branch of
solutions of Eq. (17)
ΨLin(a, φ) = CLΦL,ex.(φ)Bi(−η − δ(η)), (29)
and has the asymptotic form
ΨLin(a, φ) = CLΦL,ex.(φ)
( 1
1− Λ
3
a2
)1/4
cos
(∫ a
at
da
√
−2m
2
P
h¯2
VL,ex.(a) +
π
4
)
. (30)
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Finally, the Vilenkin’s tunneling wave function in the classically forbidden regime is
prescribed by
ΨV (a, φ) = CLΦL,ex.(φ)
[
Ai(ζ − δ(ζ))− iBi(ζ − δ(ζ))
]
. (31)
The tunneling wave function has the asymptotic form
ΨV (a, φ) = CLΦL,ex.(φ)
( 1
1− Λ
3
a2
)1/4[1
2
e−Sg(a) + e+Sg(a)
]
. (32)
It is a linear superposition of the exponentially growing and damping branches of wave
functions. Similarly, in the classical allowed regime the tunneling wave function is given by
the linear superposition of two branches of solutions of Eq. (17)
ΨV (a, φ) = CLΦL,ex.(φ)
[
Ai(−η − δ(η))− iBi(−η − δ(η))
]
. (33)
In another form it describes obviously the expanding Universe
ΨL(a, φ) = CLΦL,ex.(φ)η
1/2H
(1)
1/3(
2
3
η3/2), (34)
where H
(1)
1/3 is the Hankel function of the first kind.
IV. CANONICAL QUANTIZATION OF EUCLIDEAN GEOMETRY
We now turn to canonical quantization of the Euclidean geometry. In the ADM formu-
lation for the Euclidean geometry with the O(4)-symmetric metric
ds2E = N
2(τ)dτ 2 + b2(τ)dΩ23, (35)
the action (1) leads to the Hamiltonian constraint
HE =
1
3πm2P b
(πb)
2 − 3πm
2
P
4
(
b− Λ
3
b3
)
− 1
4π2b3
(πEφ )
2 = 0, (36)
where πb = −3πm
2
P
b
2N
∂b
∂τ
and πEφ =
2π2b3
N
∂φ
∂τ
. Canonical quantization of the closed Euclidean
universe proceeds via the Dirac method by imposing the Hamiltonian constraint (36) as the
WDW equation
[
− h¯
2
2m2P
∂2
∂b2
− 9π
2m2P
8
(
b2 − Λ
3
b4
)
+
3h¯2
8πb2
∂2
∂φ2
]
ΨE(b, φ) = 0. (37)
It is worthy to notice that the closed Euclidean universe very close to b = 0 or without Λ has
the same equation (37) as the open Lorentzian FRW universe with the similar restriction.
In this sense, for the same type of matter the closed Euclidean universe is just an extension
of the open Lorentzian universe beyond the cosmological singularity [1–3,8]. However, this
extension differs from the analytical continuation of the Lorentzian geometry through the
Wick-rotation, on which we are mostly concerned in this paper.
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Though the energy for the gravity-matter system vanishes, both the scalar and gravita-
tional fields can oscillate throughout the evolution of the universe, because the curvature of
the Euclidean universe plays the role of a negative potential for the gravitational field (scale
factor). We thus find an ordinary quantum state given by
Φ
(±)
E =
e±ikφ
(2π)1/2
, (38)
which is a positive energy eigenstate of the scalar field Hamiltonian
HˆE(φ, τ) = − 3h¯
2
8πb2
∂2
∂φ2
. (39)
The WDW equation (37) is then separated into the gravitational field equation
[
− h¯
2
2m2P
∂2
∂b2
+ VE(b)
]
ΨE(b) = 0, (40)
where
VE(b) = −9π
2m2P
8
(
b2 − Λ
3
b4
)
− 3h¯
2k2
8πb2
(41)
is the effective potential for the gravitational field. Again it is worth pointing out that the
gravitational field equation (40) of the Euclidean geometry is exactly the inverted motion
(12) of the Lorentzian geometry, which enables us to interpret the Lorentzian regime under
the potential barrier as a Euclidean regime [10]. This is quite analogous to the instanton
motion of a classical field in Minkowski spacetimes. In the Euclidean geometry the scalar
field contributes a back-reaction to the effective potential, which provides a classical motion
near b = 0, whereas the cosmological constant acts as a potential barrier to the Euclidean
geometry, which is in contrast with the Lorentzian geometry. The classically allowed regime
is largely determined by the cosmological constant and extends to the turning point bt ≈
√
3
Λ
.
As in the case of the Lorentzian geometry, we may find analytically the approximate
wave function in the classically forbidden (b > bt ≈
√
3
Λ
) and allowed (bt < b) regimes.
However, we are mostly interested in the wave function of the Euclidean geometry in the
classically allowed regime, which is to be matched with the Lorentzian wave function. We
again make use of the Liouville-Green transformation [11], which now reads
[ ∂2
∂χ2
+ χ+∆(χ)
]
ΨE(χ) = 0, (42)
where
χ3/2 =
3
2
∫ bt
b
db
√
−2m
2
P
h¯2
VE(b),
∆(χ) = −3
4
(
d2χ
db2
)2
(
dχ
db
)4 + 12
(
d3χ
db3
)
(
dχ
db
)3 . (43)
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In the regime bt > b≫ 0, the contribution from the scalar field is negligible, so we approxi-
mately solve Eq. (43) to get
χ =
(9πm2P
4h¯Λ
)2/3(
1− Λ
3
b2
)
,
∆(χ) = − 1
16
1[
χ−
(
9πm2
P
4h¯Λ
)2/3]4 . (44)
By noting that ∆(χ) is small for large χ and approaches a constant value even at the turning
point χ = 0, we find the wave function
Ψ
(±)
E (b, φ) = CE
e±ikφ
(2π)1/2
{
Ai(−χ− δ(χ))
Bi(−χ− δ(χ))
}
. (45)
Equations (17) and (45) are wave functions in the classically allowed regimes of the
Lorentzian and Euclidean geometries, respectively. These wave functions are transformed
according to the rule in Ref. [11], from which the wave function in the classically forbidden
regime of the Lorentzian geometry is obtained by the correspondence χ = η = −ζ , and
k = iκ from πEφ = iπφ.
V. SEMICLASSICAL APPROACH TO GRAVITATIONAL INSTANTON
To exploit the meaning of the wave function in Sec. IV we adopt the semiclassical
(quantum) gravity approach [13] and compare the result with the classical gravity. In the
semiclassical (quantum) gravity approach one sets the wave function to have the form
Ψ
(±)
E (b) = F (b) exp
[
± i
h¯
SE(b)
]
. (46)
And one introduces the cosmological (WKB) time
∂
∂τ
= ∓ 2
3πm2P b
(∂SE
∂b
) ∂
∂b
(47)
along a classical trajectory where the oscillating wave function is peaked. Then along the
classical trajectory one obtains the following semiclassical Einstein equation for the Eu-
clidean geometry
(
∂b/∂τ
b
)2
− 1
b2
+
Λ
3
=
h¯2k2
3π3m2P b
6
, (48)
and the time-dependent Schro¨dinger equation for the scalar field
ih¯
∂
∂τ
ΦE(φ, τ) = HˆEΦE(φ, τ). (49)
Let us now compare the semiclassical result with the classical one by considering the
O(4)-symmetric closed Euclidean FRW universe, the metric of which is given by setting
N(τ) = 1 in Eq. (35):
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ds2E = dτ
2 + b2c(τ)dΩ
2
3, (50)
The classical equations of motion consist of the Einstein equation
(∂bc/∂τ
bc
)2 − 1
b2c
+
Λ
3
=
4π
3m2P
φ˙2c , (51)
and the scalar field equation
∂2φc
∂τ 2
+ 3
∂bc/∂τ
bc
∂φc
∂τ
= 0. (52)
It should be noted that provided h¯k = 2π2p, where p = b3c φ˙c is an integration constant of Eq.
(52), the semiclassical Einstein equation (48) is the same as the classical Einstein equation
(51). Equation (51) is nothing but the classical Einstein equation for the open universe in
the Lorentzian geometry. Eq. (48) has an asymptotic solution
b(τ) ≈


b(τ1)
(
τ−τ0
τ1−τ0
)1/3
,
(
h¯2k2
3π3m2
P
)1/4
> b ≥ 0,
b(τ2)
[
1− tanh2
(
3πmP
2
√
1
2
(τ − τ2)
)]1/2
,
√
3
Λ
≫ b >
(
h¯2k2
3π3m2
P
)1/4
,√
3
Λ
cosh
(√
Λ
3
(τ − τt)
)
,
√
3
Λ
≥ b≫
(
h¯2k2
3π3m2
P
)1/4
,
(53)
where τ1 − τ0 = πmP b
3
1
h¯κ
√
π
3
. We have thus obtained the semiclassical solution for the closed
Euclidean universe, which has one prominent feature different from others. First, near the
matching boundary of the turning point bt ≈
√
3
Λ
the Euclidean universe expands according
to the exponential-law like a de Sitter spacetime, so the scalar field is regular and given by
φ(τ) ≈ Λ
3
[
sinh
(√
Λ
3
(τ − τt)
)
2 cosh2
(√
Λ
3
(τ − τt)
) + 1
2
arctan
(
sinh
(√Λ
3
(τ − τt)
))]
. (54)
However, near the cosmological singularity b = 0 all the Euclidean universes expand, re-
gardless of their topologies, according to the power-law b = τ 1/3 and the scalar field diverges
logarithmically, which is the characteristic feature of the spatially flat universe with a stiff
matter [9]. This power-law is essentially the same result obtained by Hawking and Turok for
the Euclidean FRW universe with a minimal scalar field, in which the kinetic energy domi-
nates over the potential energy [1]. In open universe models with ordinary matters, due to
the power-law of the scale factor, the scalar field diverges logarithmically at the matching
boundary of the cosmological singularity, on which the closed Euclidean universe is matched
with an open Lorentzian universe [1–3,8]. The singularity problem may not be serious at
the cosmological singularity because of the finite total action but it can be certainly at the
matching boundary [8].
VI. CONCLUSION
In this paper we have studied canonical quantization of a closed FRW universe with a
massless scalar field and a cosmological constant in both Lorentzian and Euclidean geome-
tries. It is found that only with an exotic state of the scalar field the wave function of the
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Lorentzian geometry can describe the genuine quantum creation of the Universe through a
potential barrier from the nothingness. Furthermore, the fact that the WDW equation for
the closed Euclidean geometry with an ordinary state is exactly the inverted one for the
closed Lorentzian geometry with the Wick-rotated exotic state provides a matching condi-
tion for two geometries at the turning point of a finite radius. This is quite analogous to the
instanton motion of a classical field in Minkowski spacetimes. At the matching boundary of
the finite radius, the solutions to the Euclidean equations of motion are well-behaved and
the gravitational instanton and the scalar field become regular. However, the possibility is
excluded that an open Lorentzian universe with an ordinary state may match the closed
Euclidean universe at a finite radius without causing any singularity problem. Instead, the
open Lorentzian universe with the ordinary state can be matched with the closed Euclidean
one only at the cosmological singularity, but the Euclidean sector leads necessarily to a
singular instanton at the boundary.
The wave function is found approximately in the classically forbidden and allowed regimes
of the Lorentzian geometry, in terms of which the Hartle-Hawking’s no-boundary, Linde’s
wave function and Vilenkin’s tunneling wave function are prescribed. Since the classically
forbidden regime of the Lorentzian geometry corresponds now to a classically allowed regime
of the Euclidean geometry, the wave function of the Lorentzian regime is the Wick-rotation
of that of the corresponding Euclidean regime. The semiclassical limit of the wave function
in the Euclidean geometry recovers essentially the similar result obtained by Hawking and
Turok [1], in which the kinetic energy of the scalar field dominates over the potential energy,
and in particular, almost the same result obtained by Vilenkin for a massless scalar field
model [8]. However, our semiclassical solution has a logarithmic divergence at the cosmolog-
ical singularity but becomes regular on the matching boundary between the Euclidean and
Lorentzian geometries. The divergent solution does not cause any serious problem at the
cosmological singularity since the total action is finite. Therefore, in canonical quantization
of the closed Universe we are able to avoid the singularity problem in evaluating the action
for the gravity-matter system.
The Wick-rotation between the Lorentzian and Euclidean geometries allows us to find a
spectrum of wave functions in the Lorentzian geometry, which describe quantum creation of
the Universe through the potential barrier from the nothingness, from that of the Euclidean
geometry. In particular, the regular wave function at the cosmological singularity may
be interpreted as a quantum wormhole [14,11], which exhibits an exponentially damping
behavior due to the scalar curvature of three geometry for large size and a regular behavior for
small size of the closed Universe. Our model needs an exotic matter state in the Lorentzian
geometry, otherwise matter provides only a classically allowed regime near the cosmological
singularity, and also needs a cosmological constant to let the Universe emerge from the
potential barrier that is dominated by the kinetic energy of the scalar field and the scalar
curvature of the three geometry. However, the issue of the initial (boundary) condition of
the wave function for quantum creation of the Universe is not completely settled, because
canonical quantization leads to the WDW equation, a relativistic wave functional equation
for the gravity-matter system. So at most one can obtain a spectrum of wave functions.
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